
AIAA JOURNAL
Vol. 30, No. 8, August 1992
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A computer code has been developed to obtain the steady-state solutions for three-dimensional laminar
incompressible flow governed by the Navier-Stokes equations. A central difference finite-volume formulation
with an explicit one-step multistage Runge-Kutta time-stepping scheme for the primitive variables (i.e., velocity
components and pressure) is used. The preconditioning matrix method, which is a generalized version of the
artificial compressibility method, is used to construct a pressure equation from the continuity equation.
Fourth-order artificial dissipation is used to suppress high-frequency oscillations. Numerical techniques to
accelerate the rate of convergence include local time stepping and implicit residual smoothing. The code is
validated by determining its ability to accurately predict 1) boundary-layer growth in a square duct with
established and entry flow upstream conditions, 2) secondary flow in a 90-deg bend of a square cross section,
and 3) separation and reattachment in flow over a backward-facing step. The calculations are found to compare
favorably with experimental data and numerical calculations available in the literature.

Introduction

O UR interest was in solving internal flow problems in
domains with curved boundaries. It was desired that the

method be able to model the following flow features with
adequate accuracy: boundary-layer growth along a wall, sec-
ondary flow effects that accompany flow turning, and flow
separation. In the present study, laminar internal flows at
Reynolds numbers <800 have been considered. The method
has been successfully applied by Sung1 to turbulent external
flows at Reynolds numbers of the order of 106.

One of the main difficulties associated with the solution of
the incompressible Navier-Stokes equations in a velocity-pres-
sure formulation is the lack of a time evolution equation for
pressure. If only steady-state solutions are of interest, this
difficulty can be overcome by using the so-called artificial
compressibility method. This method has been introduced
independently and under slightly different forms by other
researchers.2'3 A generalized version of the artificial compress-
ibility method the so-called preconditioned matrix method,
developed by Turkel,4 has been adopted here. A similar ap-
proach for inviscid incompressible flow has also been sug-
gested by Rizzi and Eriksson.5

An explicit one-step multistage Runge-Kutta stepping
scheme is used for integration in time. The use of explicit
Runge-Kutta methods as time-stepping schemes for the solu-
tions of the compressible Euler equations has become popular
since the appearance of papers by Jameson et al.6 and Rizzi
and Eriksson.7 This approach has been extended to the com-
pressible Navier-Stokes equations by several investigators.8"11

Rizzi and Eriksson5 have extended this method to inviscid
incompressible flow, and Sung12 has extended the method to
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incompressible turbulent flows. Implicit schemes have less
restrictive stability requirements than explicit schemes but re-
quire more extensive calculations to such a degree that their
use may compensate the gain in a larger stability limit. The
severe stability restriction of the conventional explicit methods
is relaxed by the enlarged stability region of Runge-Kutta
methods. The four-stage Runge-Kutta time-stepping scheme
used by Sung12 is first order accurate in time and has a hyper-
bolic stability limit of 3. Here this method has been chosen
because of its higher stability limit since only steady-state
solutions are of interest and time accuracy is not an issue.

Local time stepping is used to accelerate the rate of conver-
gence. A fourth difference, linear artificial dissipation, is in-
troduced to damp high-frequency oscillations, and an implicit
residual scheme is used to increase the stability limit of the
method.

In the case of entry flow the boundary-layer growth along
the walls and the velocities along the centerline have been
predicted accurately, compared to the experimental results of
Goldstein and Kreid13 and Beavers et al.14 Second, the flow in
a 90-deg bend with a square cross section has been solved. The
velocities at different streamline locations have been com-
pared with the experimental data of Taylor et al.15 Finally, a
two-dimensional back ward-facing step flow has been investi-
gated at different Reynolds numbers. The reattachment point
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Fig. 1 Maximum pressure residuals vs iteration history for two-di-
mensional entry flow (Re = 50): o , grid size 11 X 6; n, grid size
21 x 11; A, grid size 41 x 21; o , grid size 81 x 41.
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of the separated region is compared with the experimental and
numerical results of Armaly et al. 16 and the numerical results
ofKuetal . 1 7

Description of Numerical Method
The conservative form of the unsteady incompressible

nondimensional continuity and Navier-Stokes equations are

w/,/ = 0 (1)

The variables have been nondimensionalized by the mean
velocity at the duct entrance, V, and by a characteristic length
of the geometry, L, in the following manner: the velocities «/,
by V, the space coordinates */, by L, pressure by pV2

9 and
time by L/V. The Reynolds number in Eqs. (1) is given by
Re = VL/v. The derivations in the following sections are
given for nondimensional variables. The preconditioned three-
dimensional incompressible Navier-Stokes equations are then
given by

Eqt + Fx + Gy + Hz = 0 or qt + E~\FX + Gy + Hz) = 0 (2)

where the subscripts are partial derivatives with respect to the
time t and the three Cartesian coordinates x, y, and z. The
preconditioning matrix E and the column vectors of the vari-

2.2 -r

a)
0.1 0 2

x/DRe

able q and of the three components of fluxes F, G, and H are
defined as

~(3~2 0 0 0 "
yu 1 0 0
7V 0 1 0
yw 0 0 1

q =
P
u
v
w

E~l-

, F =

&1 0 0 0 "
-yu 1 0 0
-7V 0 1 0
-yw 0 0 1

u
^2 _j_ p __

P XX

uv - rxy

UW-TXZ

VU - TyX

V2+P~Ty.

TT __ wu -TZX

wv - rzy

w2+p ~TZ

where p is the pressure; u, v, and w are the three Cartesian
components of the velocity; and the stresses are defined as

Tij =Re~ \uu + ujti), ij = 1 ,2 ,3

where (w1? u2, u3) = (u, v, w), and (xl9 x2, x3) = (x, y, z). The
symbols 7 and /3 represent preconditioning parameters. The
idea is to choose /32 for a given 7 so that disparity in propagat-
ing speeds of the acoustic and convective waves is reduced
during the transient state. The fact that the transient-state
solution is not physically valid is irrelevant since only the
steady-state solution is of interest. Neglecting the viscous
terms, Eq. (2) is rewritten as

where
Qt

A =

qx + Bqy + Cqz = 0

0 P2 0 0"
1 (2-7)w 0 0
0 (1 - 7)v u 0
0 (l-7)w 0 u

(3)
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Fig. 2 Streamwise velocity development along the duct centerline:
solid line, computations; circles, data from Ref. 13. a) Re = 32, b)
Re = 100, and c) Re = 100 (shorter computational domain).
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To derive the eigenvalues, Eq. (3) is Fourier transformed to give

D = o)\A + 0^2^ + <j3T>C (4)

where the absolute values of Fourier components cols co2, and
0:3 are bounded by 1. It is found that

Xi,2 = U
(5)

3,4 ~ 7)

where U = ̂ u + co2v + co3w. Minimization of the minimum
of the ratios of the eigenvalues in Eq. (5) gives the condition
for the choice of p2 for a given 7 (see Ref. 4) as

: = [1+ \2-y\}U2 (6)
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where £ ? = l w l + lvl + l w l . The optimum choice of the pre-
conditioning parameters, according to this criterion, are 7 = 2
and the /32 = U2, which suggests that /32 be determined locally
as recommended in reference by Rizzi and Eriksson.5 They
recommend /32 to be proportional to the local velocity squared,
i.e.,

= max[0.3, r(u2 + v2
(7)

where r is a constant in the range 1 < r < 5. Numerical experi-
ments indicate that 7 = 0 and 02 = 1, a choice that corresponds
to a pure artificial compressibility method, provides a reason-
ably good convergence rate.

Spatial discretization is done using a finite-volume formula-
tion with the dependent variables defined at the center of a
computational cell, and the fluxes evaluated at the midpoint
of each cell face to produce central differences. A set of
first-order ordinary differential equations in the semidiscrete
form

(8)

is then obtained.
Because of the use of the central difference scheme, which is

unconditionally unstable to strongly advective flows, artificial
dissipation is needed to damp high-frequency oscillations.
Here a fourth-order linear artificial dissipation term is used.
With the addition of the artificial dissipation terms, Eq. (8)
can be written as

where

and e = 0.05, and K is given by

(9)

(10)

where A V is the cell volume in curvilinear coordinates (£, 17, f)
and AFmax is the maximum cell volume.

The resulting set of ordinary differential equations can now
be integrated in time using any time-stepping scheme until
steady state is reached. In this paper a Runge-Kutta scheme
has been used. Explicit one-step time-stepping schemes of Eq.
(9) can be expressed as

(11)

where J is the Jacobian of R, the right-hand side of (9), and S
is a polynomial of degree m in the matrix z -AtJ:

S(z) = ft*2 (12)

It is noted that m is the number of functional evaluations and
is also called the number of Runge-Kutta stages. The stability
region of Eq. (11) is defined as S = ( z : \ S ( z ) \ < 1). For /
having imaginary eigenvalues X (i.e., hyperbolic systems), the
maximum stability limit is at the boundary Si at the intersec-
tion of the stability region S and the imaginary axis. Then the
time-stepping scheme is stable if the time step size is chosen as

At = CFL
max(X) max(X) (13)

where Si is identified as the Courant-Friedrichs-Lewy (CFL)
number. More detailed discussion of Runge-Kutta schemes are
given by van der Houwen.18

The scheme used by Jameson et al.,6

S(z) = 1 + z + (l/2)z2 + (l/6)z3 + (l/24)z4 (14)

is fourth-order accurate with CFL = 2V2, and the scheme used
by Rizzi and Eriksson,7

is second-order accurate with CFL = 2. The scheme used in
this paper,

S(Z) = 1 + z + (5/9)z2 + (4/21)z3 + (4/81)z4 (16)

is first order accurate with CFL = 3. For first-order-accurate
schemes such as Eq. (16), the stability limit is CFL = m - 1,
and one is tempted to think that schemes with a higher number
of stages may be more efficient since a larger time step can be
used. This turns out not to be true because a larger m also
implies that more functional evaluations are required to for-
ward one time step. Numerical experiments indicate that four
to six stages seem to be the most efficient. Similar conclusion
has also been arrived at by Pike and Roe19 based on two-di-
mensional calculations.

To determine the time step size using stability criterion (13),
the eigenvalues of Eq. (9) must be found. If both the viscous
and artificial dissipation terms are neglected, then an estimate
of the local time step based on hyperbolic equations for the
stability requirement is obtained in the form

(17)At < CFLl
, Xo

where XQ is the maximum of the eigenvalues given by Eq. (5)
and AV is the cell volume. A direct application of this time
step to the Navier-Stokes equations leads to an overestimate of
the time step size, especially near the walls where viscous terms
dominate, and may result in oscillations or even divergence.
Swanson and Turkel20 analyzed an unconditionally stable dif-
ference scheme used by Crocco21 for a simple heat equation
and gave an estimate of the time step that includes the viscous
effect. A three-dimensional version of their estimate can be
expressed as

At <-
1

(18)

where AtH is based on the inviscid model such as that given by
Eq. (17), g" = gi • g', and gl is the contravariant basis vector in

o.o

U/Uavg
Fig. 3 Streamwise velocity profile at x/(DRe) = 0.0075: solid curve,
Re = 100; dashed curve, Re = 32; circles, experimental data from
Ref. 13.
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the / direction. An alternative approach can also be derived.
The eigenvalues of the Eq. (9) are complex valued. Substitut-
ing AO of Eq. (17) with the magnitude of the largest eigenvalue
of Eq. (9), one obtains an estimate of the time step as

CFL
'\H + 4Re-l(gn+g22 (19)

where \H = X0/A V and X0 is the maximum of the eigenvalues
given by Eq. (5). Note that, if the artificial dissipation term is
neglected, then Eqs. (18) and (19) are identical when CFL = 2.
Numerical experiments indicate that the use of Eq. (19) ex-
hibits somewhat better convergence properties than the use of
Eq. (18) for the time step.

Another numerical technique incorporated into the scheme
is the implicit residual smoothing. The mathematical motiva-
tion for using the residual smoothing technique is to reduce
the spectral radius of the function on the right-hand side of an
equation such as Eq. (9), thus enhancing the stability limit of
the scheme. Following Jameson,22 an implicit residual smooth-
ing scheme is

= Riijk (20)

where 6|, 62, and d2 are^ second central differences; Rijk is the
unsmoothed residual; Rijk is the smoothed residual to be used
in the time integrations, and e$, e,, and ef are the smoothing
parameters. This scheme has been implemented using the
smoothing parameters €^ = €,, = €^=0.5. Zero Dirichlet bound-
ary conditions are used for the smoothed residuals.

The boundary conditions used for the internal flow simula-
tion are discussed briefly in this section. Implementation of
the velocity boundary conditions on the walls and on the
symmetry planes is straightforward. At the entrance of the
duct, the velocity component normal to the inlet is specified.
For the remaining velocity components at the entrance, either
zero normal derivative or zero velocity component can be
specified. From a physical point of view, it is not clear what
type of boundary conditions should be used at the entrance for
the remaining velocity components. Numerical experiments
have shown that specifying Neumann boundary conditions
increases the rate of convergence significantly. The flow at the
exit of the duct is not known a priori and is somewhat affected
by what happens beyond the exit region. The proper way of
handling this problem would be to extend the domain and
specify suitable boundary conditions for the extended domain,
i.e., some kind of infinity boundary conditions. In this paper
zero normal derivatives for the velocity components have been

prescribed. This is both mathematically acceptable and physi-
cally not so restrictive a choice.

In the literature a Neumann boundary condition for the
pressure derived from the momentum equation normal to the
boundary is usually enforced. In this research, except for the
symmetry planes, pressure on the boundaries is extrapolated
from the interior of the domain with zero second derivative on
the boundary. This is a computational boundary condition for
pressure and is suitable for internal flows because in internal
flows the pressure at each cross section tends to be uniform
with an approximately constant pressure gradient along the
stream wise direction of the flow. For the symmetry planes
zero normal derivative for pressure has been prescribed.

Numerical Results
The numerical code has been tested to determine its ability

to accurately predict flow in different internal geometries. In
the numerical calculations, pressure at one point in the do-
main is fixed. First, some preliminary tests have been carried
out in relatively simple geometries to study the accuracy of the
algorithm and the effect of grid size. Then entry flow in a
square cross-sectional duct, flow in a 90-deg bend of square
cross section, and flow over a backward-facing step have been
investigated. The results of these tests have been compared
with the experimental data available in the literature.

Preliminary Tests
Two-dimensional entry flow in a straight channel has been

solved for a Reynolds number of 50 with different grid sizes
(11 x 6, 21 x 11, 41 x 21, and 81 x 41). The length of the
channel was twice the entrance length, and convergence crite-
rion was 10~6 for the minimum residual. Other parameters
chosen for this problem are

Artificial dissipation coefficient: e = 0.05
CFL number: CFL = 2.0
Sound speed: 01 = 2.0
Implicit residual smoothing coefficients: e$ = e^ = 0.5

At the entrance a plug flow profile is specified for the
normal velocity component. Other boundary conditions were
same as those described in the preceding section. Established
flow in the same geometry with an identical grid size is also
computed. For this case an established velocity profile at the
entrance is specified for the normal velocity component.

Both the problem of entry flow and established flow in a
circular duct have been solved by using the axisymmetric
version of the code with the following grid sizes: 11 x 6,
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Fig. 4 Streamwise velocity profile at x/(DRe) = 0.02: solid curve,
Re = 100; dashed curve, Re = 32; circles, experimental data from
Ref. 13.
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Fig. 5 Variation of the average pressure with x/(DRe), where
Re = 100. Solid line, computations; circles, data from Ref. 14.
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Table 1 Predicted pressure gradients and
corresponding relative errors

Two-dimensional channel Circular duct
Grid (dp/dx) Error (dp/dx) Error

11 x6
21 x 11
41x21
81 x41
Exact

0.2523
0.2422
0.2404
0.2401
0.2400

5.1%
0.9%

0.15%
0.02%

——

0.2778
0.2474
0.2410

——
0.2400

15.7%
3.1%
0.4%
——
——

Table 2 Test runs for 02 and y(U2 =

Case no.
1
2
3
4
5
6
7

02

max(1.41£/2, 0.4)
max (I AW2, 0.4)
max (3£/2, 0.4)
max (3£/2, 0.4)

1.0
3.0
3.0

7
2.0
0.0
2.0
0.0
0.0
0.0
2.0

No. of steps
1200
2800
1600
1600
3000
1200
1400

21 x 11, and 41 x 21. In this case the length of the duct was
twice the diameter of the duct and Reynolds number was 100.
The main reason for these tests was to study the accuracy of
the solutions and convergence history of the code with varying
grid size.

In both two-dimensional and axisymmetric established
flows, the same flow profile at each cross section and a con-
stant pressure gradient along the streamwise direction are
obtained. In Table 1 predicted pressure gradients and relative
errors are given for different grid sizes. In Fig. 1 the maximum
pressure residual vs iteration history is given for different grids
for a two-dimensional entry flow. With finer grids the number
of iterations for convergence is found to increase. Qualita-
tively similar residual histories are obtained for the other cases
(i.e., established flow in the two-dimensional channel and in
the circular duct and entry flow in the circular duct). The
pressure gradient obtained from a 21 x 11 grid is within 1% of
the exact value, suggesting that this grid is close to an opti-
mum grid size for this case. With an 81 x 41 grid the residuals
were still of the order of 10~3 after 2000 iterations, although
the solution obtained with this grid was accurate. The reason
for slow convergence with finer grids might be that the
medium to long wavelength error components are being
damped less effectively due to the decrease in numerical dissi-
pation with mesh refinement.

The three-dimensional version of the code is implemented
using a set of different preconditioning parameters y and /32 to
solve for established flow in the quadrant of a square duct. A
grid size of 21 x 11 x 11 is used. An initial guess for (p, u, v, w)
of (1, 1, 0, 0) was made. In Table 2 the number of iteration
steps needed to achieve convergence are shown for several
different test cases. Best results are obtained for cases 1 and 6.
Case 6 corresponds to the pure artificial compressibility
method and is chosen for later runs because of its simplicity.

Entry Flow
The three-dimensional version of the code was used to com-

pute entry flow in a straight duct of square cross section at
Re = 32 and Re = 100. The Reynolds number is based on the
average velocity through the duct and the duct width. The
calculations are carried out in a single quadrant of the duct
due to symmetry.

The number of grid points in the streamwise, i.e., the
x direction varies from 17 at a Re = 32 to 52 at a Re = 100
with a 9 X 9 grid in the other (i.e., y and z) directions. The grid
spacing is somewhat nonuniform in the x direction close to the
duct entrance but is uniform in the other two directions. At

the entrance a plug flow profile is specified for the streamwise
velocity component and the streamwise derivative of the re-
maining velocity components is set to zero. At the exit the
streamwise derivative is assumed to vanish for all three veloc-
ity components.

Figures 2a-2c show the axial development of the computed
as well as the measured normalized streamwise velocity com-
ponent at the duct center line. Figures 2a and 2b show the
calculations at Reynolds numbers of 32 and 100, respectively,
whereas Fig. 2c shows the calculation at a Reynolds number of
100, but for a computational domain shorter than that used
for Fig. 2b. The experimental data were obtained from the
laser Doppler velocimetry measurements of Goldstein and
Kreid13 for Reynolds numbers ranging between 69 and 387. As
seen from these figures, the calculations agree with the exper-
imental data. The shorter domain results shown in Fig. 2c do
not differ from the results in Fig. 2b, indicating the effective-
ness of a Neumann-type downstream boundary condition in
minimizing the upstream influence on the flow. In Fig. 3 the
velocity profiles at x/(DRe) = 0.0075 are given for both Re = 32
and Re = 100. The velocity profile corresponding to Re = 100
agrees better with the experimental results of Goldstein and
Kreid. In Fig. 4 the same velocity profiles are given at
x/(DRe) = 0.02. In this figure both velocity profiles agree
with the experimental data. In Fig. 5 the computed pressure
averaged over the cross-sectional area is compared with the
experimental data of Beavers et al.14 at Re = 100. Once again
the agreement between calculations and the experimental data
is good. The aforementioned test case results provide a mea-
sure of confidence in the ability of the code to accurately
model the boundary-layer development in the entrance region
of the duct.

Flow in a Bend
To verify the ability of the numerical procedure to model

secondary flow phenomena accurately, flow in a 90-deg bend

n- r0

Fig. 6 Geometry of the 90-deg bend with square cross section.

X
1 2 3

Fig. 7 Computational mesh at a z = const location of the bend.
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with a mean radius that is a circular arc is solved. The cross
section of the passage is square throughout the bend. The
velocity and length scales used for nondimensionalization are
the average entrance velocity and the entrance width. The
Reynolds number based on these scales is 790. The mean
radius of the bend is 2.3. A straight extension section (of
length one) is attached upstream of the bend entrance. The
primary reason for selecting the aforementioned geometrical
parameters is to permit comparison with the experimental data
of Taylor et al.15 The parameters are such that the bend has a
large enough turning angle and a small enough mean radius to
generate severe distortion and significant secondary flow. The
test case therefore is representative of the kind of problems
one is likely to encounter in the context of oblique flow headers.

The flow geometry is shown in Fig. 6, and the computa-
tional mesh in the plane of the bend is shown in Fig. 7. The
direction normal to the plane of the bend is defined by the z
axis. Assuming symmetry in this direction, calculations are
carried out only in the half width with z varying from 0.0 to
0.5. The discretization in the z direction is performed with
uniform spacing between each of the z — const planes. The
discretization within each of these planes is identical to that
shown in Fig. 7.

At the entrance, an established flow profile is specified for
the stream wise velocity component. The stream wise deriva-
tives of the other two components at the entrance is assumed
to vanish. This condition is also enforced at the downstream
boundary for all three velocity components. The grid used for
numerical results presented in this paper has 46 nodes in the
stream wise direction with a 21 x 11 grid in the transverse
plane. Note that the number of cells in the z direction is half

that in the r direction because of symmetry. The individual
control volumes are approximately cubical at the mean radius
in the curved section. A sound speed 02 of 3 for the Navier-
Stokes equations is used. The unsteady form of the governing
set of equations was iterated until the absolute maximum
change in the pressure, as well as the velocity fields, was
< 0.00001. The coefficient for the fourth-order artificial dissi-
pation e is 0.05 and the implicit residual smoothing parameter
in all three directions is 0.05.

Computational results are plotted in Figs. 8-10 along with
the experimental data of Taylor et al.15 The stream wise com-
ponent of the velocity was the only component that we were
able to recover from the rather tiny figures in their paper.
Hence, this is the only component for which comparisons are
shown. These data are available at three transverse planes of
the bend, each plane being progressively downstream of the
bend entrance. The measurement planes are defined using 0,
an angular coordinate measured clockwise from the beginning
of the curved portion of the bend. Data are available at 0 = 30,
60, and 77.5 cleg. The planes z = 0 and z = zmax correspond to
the side wall and the plane z = zmax/2 corresponds to the
centerplane. Approximately 10 data points equally spaced
over the half-width are available in this direction. Nondimen-
sional radial distance is defined as

= (r0 - r)/(r0 - rt) (21)
where r0 and r/ are the outer and inner radii, respectively.
Hence, r* = 1 corresponds to the inner wall and r* = 0 corre-
sponds to the outer wall. Measurements provide data at five
discrete r* locations corresponding to 0.1, 0.3, 0.5, 0.7, and
0.9.
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Fig. 8 Streamwise velocities in a bend at 9 = 30 deg: a) r * = 0.1;
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g 0.5
3 = 60, r-0.9)

e)

\\

JO

0 0

0\ 0V
/

5 1 0 1 5 2.

Streamwise velocities

Fig. 9 Streamwise velocities in a bend at 9 = 60 deg: a) r* = 0.1;
b) r* = 0.3; c) r * = 0.5; d) r * = 0.7; e) r * = 0.9.
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Figures 8 and 9 shows particularly good agreement between
the numerical results and the experimental data. Thus, the
flow into about the first 60 deg of the curved portion of the
bend is well modeled. The results at 6 = 30 deg show excellent
agreement with the measured values. The velocity profile is
still reminiscent of the fully developed flow upstream of the
bend. As the flow proceeds farther into the bend, it begins to
develop the characteristic skewness present in viscous flows
negotiating a bend. The stream wise velocity is such that the
bulk of the fluid is found progressively nearer the outer wall
and along the side walls. This behavior is evidenced in the
significantly higher velocities for r* values of 0.1 and 0.3, as
compared to 0.7 and 0.9. Note also the peak in the velocity
profiles close to the side wall at about z/zmax of 0.2. The
numerical results do show some difficulties in modeling the
flow close to the side wall at 6 = 77.5 deg (see Fig. 10). The
results suggest a need for additional grid points for accurate
resolution of the flow gradients. A long, straight downstream
section is present in the experiments of Taylor et al.,15 which
may influence the flow close to the exit of the curved passage.
This may also contribute to the discrepancies between the
computed velocities and the experimental data toward the exit
of the bend.
Flow over Backward-Facing Step

Another problem that is examined is that of laminar flow in
a channel between a flat wall and a wall with a backward-
facing step. The geometry of the problem is shown in Fig. 11.
The distance downstream of the step, /, is varied depending on
the Reynolds number so that the exit boundary is sufficiently
downstream of any possible region of flow reversal. This
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Fig. 10 Streamwise velocities in a bend at 0 = 77.5 deg: a) r * = 0.1;
b )r* =0 .3;c)r* =0 .5;d)r* =0.7;e)r* =0.9.

Fig. 11 Schematic diagram of a channel with a backward-facing step
on the lower wall.

problem is a frequently utilized test case for Navier-Stokes
code validation due to the presence of flow features such as
flow detachment, recirculation, and flow reattachment. The
Reynolds number is based on the mean velocity at the channel
entrance and the step height. Calculations are carried out at
several Reynolds numbers ranging from Re = 50 to Re = 250.
The profile of the Streamwise velocity at the upstream
boundary is taken to be that of a fully developed channel flow.
The Streamwise derivative of the transverse velocity compo-
nents at the entrance is set to zero. This condition is enforced
at the downstream boundary as well for all the velocity com-
ponents. The flow is assumed to be two dimensional.

The physical domain is divided into two rectangular compu-
tational subdomains, zone 1 and zone 2, as shown in Fig. 11.
Each of the velocity components, pressure, and their first
derivatives are matched at the zonal boundary between zones
1 and 2 at each iteration. The value of the dependent variables
(w/, p) at the zonal boundary is obtained as the mean of the
cell centered values taken from cells adjoining the zonal
boundary. The first derivative at the zonal boundary is ob-
tained from a central difference procedure applied to the cell
centered values. The grid spacing is Ax = Ay = 0.1 in both of
the computational zones. This gave a grid size of 11 x 11 for
zone 1. In zone 2, grid size along the y direction was 21. Grid
size along the x direction was proportional to the length of the
computational domain, which was chosen differently accord-
ing to the Reynolds number. For example, at Re = 50, the grid
size is 41 x 21 (/ = 4), and at Re = 250, grid size was 121 x 21
(/ = 12) in zone 2. A particular advantage of using this two
zone approach for this problem is the ability to generate an
orthogonal grid in each zone; thus, sharply distorted control
volumes in the neighborhood of the step can be avoided.

The flow detaches at the edge of the backward-facing step
and reattaches to the lower wall some distance x\ downstream
of the step. This distance is easily deduced from the computed
velocity field and is also easily measured in an experiment. The
quantity JCi is normalized by the step height h, and the param-
eter Xi/h is plotted as a function of Reynolds numbers in Fig.
12. The figure also shows the computational results of Ku et
al.17 as well as the computational and experimental results of
Armaly et al.16 In Fig. 13, streamlines for Re = 50 are shown.
Computed streamlines agree well qualitatively with the experi-
mental observations.

The numerical results are found to be satisfactory, in gen-
eral, at the Reynolds numbers considered in this study. At
higher Reynolds numbers, the ability of the computations to
model the flow accurately may deteriorate due to the follow-
ing reasons: 1) longer computational domains are needed since
the location of reattachment point moves downstream with
increasing Reynolds number, 2) finer grids are needed to en-
sure solution resolutions, and 3) it may not suffice to assume
that the flow is two dimensional. An attempt to satisfy the
aforementioned requirements would increase the number of
computational cells required dramatically. At Reynolds num-
bers greater than about 300, the difference in the location of
the computed reattachment point and its experimental coun-
terpart becomes greater than the channel height 2h.
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Fig. 12 Variation of the reattachment point, x\/h, with Reynolds
number: n , present computations; o , data from Ref. 17 (numerical
computations); o, data from Ref. 16 (numerical computations); A,
data from Ref. 16 (experimental data).

Streamlines at Re = 50

Fig. 13 Computed streamlines in a backward-facing step for a Rey-
nolds number of 50 (^min = -0.051).

Discussion and Conclusions
The steady incompressible laminar flow code was developed

to carry out shape optimization of internal flow components.
From the beginning it was desired that the code should be able
to model features of internal flows accurately, such as
boundary-layer development along the walls of the ducts,
secondary flow effects in bends, and separating flows in dif-
fuser-like geometries. The numerical experiments were chosen
on the basis of the considerations previously discussed.

In general, it is found that the accuracy of the code agrees
well with the experimental data available in the literature and
the number of iterations needed for convergence were in the
neighborhood of 1000. Even though some features such as
local time stepping, preconditioning matrix method, and vari-
able sound speed are included to reduce the number of itera-
tions, these features are not fully optimized. In most of the
test cases a constant sound speed ((32) and zero preconditioning
parameter (7) have been employed. With these choices of
sound speed and preconditioning parameter, the method es-
sentially reduces to the pure artificial compressibility method.

The code is written for laminar flows, and solutions are
obtained at Reynolds numbers less than 800. The CPU times
for these calculations are of the order of few minutes on the
Cray YMP for three-dimensional calculations and of the order
of 1 h on an Intel 30836 based PC for the two-dimensional
calculations. At higher Reynolds numbers finer grids would be
needed to be able to model the smaller scales of the flows, thus
increasing the computational task considerably.
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